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Abstract
Let f :V → W be a map between closed, oriented Riemannian n-manifolds. It is shown that FillRad(W) 
dil(f ) · FillRad(V ), if |deg(f )| = 1. By this mapping property, we obtain an estimate from below for the filling
radius of a closed, oriented, nonpositively curved manifold, or a manifold with sectional curvature bounded above
by a positive constant. In addition, a similar mapping property of packing radius and a corollary are also obtained.
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1. Introduction
First recall the precise definition of filling radius from [4]. Let V be a closed, oriented Riemannian
n-manifold and L∞(V ) be the Banach space of bounded Borel functions f on V with the norm
‖f ‖ = supx |f (x)|. It is easy to see that the map J :V → L∞(V ) defined by x → fx(·) = dist(x, ·)
is an isometric embedding (in the strong sense: it preserves not only lengths of paths but also distances).
Let Uε(V ) be the ε-neighborhood of J (V ) in L∞(V ), and let iε :J (V ) → Uε(V ) be the inclusion map.
E-mail address: luofei-liu@263.net (L. Liu).0926-2245/$ – see front matter  2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2004.07.006
70 L. Liu / Differential Geometry and its Applications 22 (2005) 69–79Gromov’s filling radius is defined by
FillRad(V ) = inf{ε > 0: Hn(iε) = 0},
where Hn(iε) :Hn(V,Z) → Hn(Uε(V ),Z) is the homomorphism induced by iε . Replacing Z by Q, one
defines the filling radius with rational coefficients FillRad(V ,Q) [9]. If V is nonorientable, one uses the
coefficient group Z2.
This invariant gives important information about the systole (the length of a shortest non-contractible
loop) of an essential manifold V [4]:
sys1(V ) 6FillRad(V ).
Up till now, very little is known about filling radius. The exact value of this invariant has been com-
puted for very few manifolds [4,8]. However some important results about positively curved manifolds
with large filling radius have been obtained by Wilhelm [11]. In this note, we will prove a mapping
property of filling radius, which is related to the dilatation of a map.
Recall that the dilatation of a map f :X → Y between two metric spaces (X,dX) and (Y, dY ) is de-
fined by
dil(f ) = sup
x,x ′∈X,x =x ′
dY (f (x), f (x
′))
dX(x, x′)
.
If f is a Lipschitz map, dil(f ) is the minimal Lipschitz constant C satisfying dY (f (x), f (x′)) 
CdX(x, x
′). The dilatation of a non-Lipschitz map is infinity. The local dilatation at x is the number:
dilx(f ) = lim
ε→0
(f |BX(x,ε)),
where BX(x, ε) is an open ball of radius ε centered at x of X. If (X,d) is an inner metric space (e.g.,
Riemannian manifold), then dil(f ) = supx∈X dilx(f ). If X and Y are Riemannian manifolds, and f is
differentiable, then dilx(f ) = ‖dfx‖ where dfx :TxX → Tf (x)Y is the differential of f at x.
Throughout this paper, V and W are always closed, connected, oriented Riemannian n-manifolds
unless specifically stated, and Sn is the standard sphere with Riemannian metric of constant curvature +1.
The following theorem shows a mapping property of filling radius:
Theorem 1.1. Suppose that f :V → W has nonzero degree. Then
(i) if |deg(f )| = 1, FillRad(W) dil(f ) · FillRad(V );
(ii) if |deg(f )| > 1, FillRad(W,Q) dil(f ) · FillRad(V ,Q).
For closed, connected, oriented Riemannian n-manifold V , there are maps V → Sn of every degree
k ∈ Z by the Hopf’s theorem. We denote by dil{V → Sn; deg = ±k} the smallest number α such that
there is a map V → Sn with degree k or −k and dilatation α.
Corollary 1.2. If dil{V → Sn; deg = ±1} 3/2, then FillRad(V ) > π/6. Moreover, if KV  1, then V
is a twisted sphere.
Proof. Let f :V → Sn be a map with degree 1 or −1 and dilatation less than 3/2, we have:
FillRad(V ) 1 · FillRad(Sn)dil(f )
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By [11, Th. 2, (4)], we know that V is a twisted sphere if KV  1. 
For packing radius in the sense of Grove and Markvorsen [5], we have a similar mapping prop-
erty (Proposition 4.1). In the mapping property, the degree 1 is not required. For a closed Riemannian
n-manifold, we denote by dil{V  Sn} the smallest α such that there is a surjective map V → Sn with
dilatation α. Although the mapping property for packing radius is trivial, the following corollary, by
Proposition 4.1 and the packn−2 sphere theorem of Grove and Wilhelm [7, Theorem C], strengthens the
result in Corollary 1.2 under weaker assumptions.
Corollary 1.3 (To be proven as Corollary 4.2). Let V be a closed Riemannian n-manifold. If n  4,
KV  1 and dil{V  Sn} < 2π · arccos(− 1n−3 ), then V is diffeomorphic to Sn.
In view of the difficulty in calculating the filling radius of a Riemannian manifold, it is natural to
estimate this invariant by various method. Gromov [4] obtains an universal upper bound for the filling
radius of a closed connected Riemannian manifold. In addition, Katz [8] has shown that for any closed
manifold V , FillRad(V )  13 Diam(V ). In [8], Katz also gives a lower bound for the filling radius of
CPn, HPn, CaP 2. In this note, we attempt to give a preliminary lower bound for the filling radius
of a Riemannian manifold under certain conditions about sectional curvature and the largest injectivity
radius. Thanks to the work of Katz [8], the exact value of the filling radius for Sn has been obtained:
FillRad(Sn) = 12 · arccos(− 1n+1 ). So we use Theorem 1.1 to compare the filling radius of V with that of
Sn, and hence obtain a lower bound for the filling radius of V .
Firstly the following proposition gives an estimate from below for the filling radius of a nonpositively
curved manifold, in which we use the expression Injmax(V ) = max{InjxV : x ∈ V }, the largest injectivity
radius of V .
Proposition 1.4 (To be proven as Proposition 3.2). For any closed, oriented, nonpositively curved mani-
fold V , we have:
FillRad(V ) Injmax(V )
π
· FillRad(Sn) Injmax(V )
4
.
Remark 1.5. (1) Note that nonpositively curved manifolds are essential [4], Gromov’s famous isosys-
tolic inequality, sys1(V )  6 · FillRad(V ), is valid. The injectivity radius of a compact, nonpositively
curved manifold V can be related to the systole [1, Th. 3.4]: Inj(V ) 12 sys1(V ). By Proposition 1.4, if
Injmax(V )
Inj(V )  k, then:
sys1(V )
8
k
· FillRad(V ).
For nonpositively curved manifold with Injmax(V )Inj(V ) 
4
3 , we obtain a better estimate from above for systole
than the isosystolic inequality.
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FillRad(Tn)/Inj(Tn) = 1/3 [4, p. 11].
Next, we shall give a lower bound for the filling radius of manifold with sectional curvature bounded
above by a positive constant.
Proposition 1.6 (To be proven as Proposition 3.3). If KV  c, c > 0, and Injmax(V ) π2√c , then
FillRad(V ) 1√
c · π · FillRad(S
n) 1
4
√
c
.
Using Klingenberg’s injectivity radius estimate theorem [2, Th. 5.9 and the remark after that], the
following corollary is immediate:
Corollary 1.7. Let V be a closed, oriented Riemannian n-manifold. Then FillRad(V )  1√
c·π ·
FillRad(Sn) 14√c in each of the following cases:
(i) n is even and 0 < KV  c;
(ii) n 3, V is simply connected and 0 < 14cKV  c.
Remark 1.8. (1) Removing the simply connected restriction and relaxing the pinching constant in odd
dimensional cases, a recent result, due to Fang and Rong [3, Cor. 0.3], says that if 0 < δ · c KV  c,
0 < δ  1, and π1(V ) ∼= Zq with prime q  2(n−1)/2 and the second Betti number b2(V ,Z) = 0, then
Inj(V )  i(n, δ, q), a constant depending only on n, δ and q. Under these topological conditions, if
the upper bound c for sectional curvature satisfies i(n, δ, q)  π2√c , one has the same conclusion as
Corollary 1.7.
(2) Recall that the sectional curvature of CPn satisfies 14 KCPn  1. For CPn (also for HPn,CaP 2),
the estimate in Corollary 1.7 is inferior to Katz’s [8]: FillRad(CPn) 12 arccos(− 13). The result of Propo-
sition 1.6 is merely a general, rough filling radius estimate for manifold with KV  c, c > 0.
(3) Combining the corollary with [11, Th. 2 (1)] gives that if V is an even-dimensional manifold and
1KV  c, then
1
4
√
c
· FillRad(Sn) FillRad(V ) FillRad(Sn).
2. Proof of the mapping property of filling radius
The inwardness of the following lemma was stated in [4] without detailed proof. To give a detailed
proof, it seems to the author that some mild assumption is needed.
Lemma 2.1. Let Y be a subset of a metric space X. Then every Lipschitz map ϕ :Y → L∞(V ) has a
Lipschitz extension ϕ˜ :X → L∞(V ) with dil(ϕ˜) = dil(ϕ) in each of the following cases:
(i) Y is Lindelöf ;
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(iii) Im(ϕ) ⊂ C0(V ) (the set of bounded continuous functions on V ).
Proof. We define ϕ˜ :X → L∞(V ) by
ϕ˜(x) := fx,
fx(v) := inf
y∈Y
(
(ϕ(y))(v) + α · dX(x, y)
)
,
where x ∈ X, v ∈ V and α = dil(ϕ).
Step 1. ϕ˜ is well-defined. We must check that fx0 :V → R is a bounded Borel function on V for every
fixed x0 ∈ X. Fix a y0 ∈ Y and assume that ‖ϕ(y0)‖L∞(V ) = C0. For ∀y ∈ Y , since supv∈V |ϕ(y)(v) −
ϕ(y0)(v)| = ‖ϕ(y) − ϕ(y0)‖ α · dX(y, y0), we get
ϕ(y)(v)
(
ϕ(y0)
)
(v) − α · dX(y, y0)−C0 − α · dX(y, y0)
for ∀v ∈ V . Then clearly
ϕ(y)(v)+ α · dX(x0, y)−C0 − α · dX(y, y0)+ α · dX(x0, y)
−C0 − α · dX(x0, y0)
hence fx0(v)−C0 − α · dX(x0, y0). On the other hand,
fx0(v) = inf
y∈Y
(
(ϕ(y))(v) + α · dX(x0, y)
)

(
ϕ(y0)
)
(v)+ α · dX(x0, y0) C0 + α · dX(x0, y0).
Therefore |fx0(v)| C0 + α · dX(x0, y0) for ∀v ∈ V , i.e., fx0 is bounded. The remainder is to prove that{v ∈ V : fx0(v) < t} is a Borel subset of V for ∀t ∈ R. Indeed,
{
v ∈ V : fx0(v) < t
} = {v ∈ V : inf
y∈Y
(
(ϕ(y))(v) + α · dX(x0, y)
)
< t
}
=
⋃
y∈Y
{
v ∈ V : ((ϕ(y))(v) + α · dX(x0, y))< t}
:=
⋃
y∈Y
Ay,
where Ay := {v ∈ V : (ϕ(y))(v) + α · dX(x0, y) < t} = {v ∈ V : (ϕ(y))(v) < t − α · dX(x0, y)} is a Borel
subset of V for every y ∈ Y , since ϕ(y) is a Borel function on V .
We denote the open metric ball of radius 1/n centered at y of Y by B(y,1/n). In the case (i), the open
covering {B(y,1/n): y ∈ Y } of Y contains a countable subcovering {B(yn,i ,1/n): i ∈ N}. Checking on
the following equality is a routine:
⋃
y∈Y
Ay =
∞⋃
n=1
∞⋃
i=1
Ayn,i ,
hence {v ∈ V : fx0(v) < t} is a Borel subset of V . The case (ii) is similar to the case (i). In the case (iii),
it is easy to prove that every fx0 :V → R is continuous.
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(1)fy0(v)
(
ϕ(y0)
)
(v) + α · dX(y0, y0) =
(
ϕ(y0)
)
(v).
On the other hand, for ∀y ∈ Y we have:(
ϕ(y0) − ϕ(y)
)
(v)
∥∥ϕ(y0)− ϕ(y)∥∥= dL∞(V )(ϕ(y0), ϕ(y))
 α · dX(y0, y)
and hence
(2)fy0(v) = inf
y∈Y
(
(ϕ(y))(v) + α · dX(y0, y)
)

(
ϕ(y0)
)
(v).
Then (1) and (2) above give that ϕ˜(y0) = fy0 = ϕ(y0) for y0 ∈ Y .
Step 3. dil(ϕ˜)  α. For fixed xi ∈ X, i = 1,2, and ∀v ∈ V , ∀n ∈ N, one can choose elements yi =
yi(v, n) in Y so that
fxi (v) = inf
y∈Y
(
(ϕ(y))(v)+ α · d(xi, y)
)

(
ϕ(yi)
)
(v) + α · dX(xi, yi) − 1
n
.
Then we have that
fx1(v) − fx2(v) = inf
y∈Y
(
(ϕ(y))(v)+ α · dX(x1, y)
)− inf
y∈Y
(
(ϕ(y))(v)+ α · dX(x2, y)
)

[
(ϕ(y2))(v)+ α · dX(x1, y2)
]− [(ϕ(y2))(v) + α · dX(x2, y2)]+ 1
n
= α · dX(x1, y2)− α · dX(x2, y2) + 1
n
 α · dX(x1, x2)+ 1
n
.
Since the inequality above holds for any n ∈ N, fx1(v) − fx2(v)  α · dX(x1, x2). Similarly, fx1(v) −
fx2(v)−α · dX(x1, x2). The two inequality yield:∣∣fx1(v)− fx2(v)∣∣ α · dX(x1, x2)
for x1, x2 ∈ X,v ∈ V . Then we can deduce that
dL∞(V )
(
ϕ˜(x1), ϕ˜(x2)
)= ∥∥ϕ˜(x1) − ϕ˜(x2)∥∥= ‖fx1 − fx2‖
= sup
v∈V
∣∣fx1(v)− fx2(v)∣∣ α · dX(x1, x2).
Hence dil(ϕ˜) α, which completes the proof of Lemma 2.1. 
Now we are in position to prove Theorem 1.1. One may suppose that f is a Lipschitz map (if not,
the inequality in Theorem 1.1 is obvious). According to the standard isometric embedding J , V , W may
be viewed as a subspace of L∞(V ),L∞(W), respectively. From Lemma 2.1, the map f :V → W ↪→
L∞(W) possesses an extension f˜ :L∞(V ) → L∞(W) with dil(f˜ ) = dil(f ). Suppose that Uε(V ) is any
ε-neighborhood of V in L∞(V ), “V bounds in Uε(V )” in the ordinary algebraic topological meaning
(i.e., Hn(iε) :Hn(V,Z) → Hn(Uε(V ),Z) is the zero homomorphism).
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(∗)f˜ (Uε(V ))⊂ Uαε(W),
where α = dil(f ) and Uαε(W) is the αε-neighborhood of W in L∞(W). Indeed, for any h ∈ Uε(V ) ⊂
L∞(V ), choose v0 ∈ V so that dL∞(V )(h, v0) close enough to dL∞(V )(h,V ), then we have:
dL∞(W)
(
f˜ (h),W
)
 dL∞(W)
(
f˜ (h), f˜ (v0)
)
(f˜ (v0) = f (v0) ∈ W)
 α · dL∞(V )(h, v0) (Lemma 2.1: dil(f˜ ) = α)
 α · ε.
Hence (∗) holds.
Next, since f˜ is an extension of f , we have the commutative diagram:
V
JV
f
W
JW
L∞(V )
f˜
L∞(W)
From (∗), we further have the following commutative diagram:
V
iε
f
W
iαε
Uε(V )
f˜
Uαε(W)
i.e., iαε ◦ f = f˜ ◦ iε, where iε and iαε are the inclusion maps.
Let [V ], [W ] denote the fundamental homology class of V,W , respectively. When deg(f ) = ±1,
(Hn(f ))[V ] = ±[W ]. Then we have:(
Hn(iαε)
)([W ])= ±Hn(iαε) ◦ (Hn(f ))([V ])
= ±(Hn(iαε) ◦Hn(f ))([V ])
= ±(Hn(f˜ ) ◦Hn(iε))([V ])= 0.
Hence Hn(iαε) = 0, i.e., “W bounds in Uαε(W)” in the algebraic topological meaning, therefore
FillRad(W)  α · ε. Taking ε above close enough to FillRad(V ), we obtain the inequality in the case
|deg(f )| = 1. If |deg(f )| > 1, (Hn(f ))[V ] = deg(f ) · [W ], we just deduce that FillRad(W,Q) 
deg(f ) · FillRad(V ,Q), which completes the proof of Theorem 1.1. 
3. Estimates from below for filling radius
For a fixed x0 ∈ V , let BTx0V (0, r0) denote the ball of radius r0 centered at the origin of the tangent
space Tx0V and BV (x0, r0) the ball of radius r0 centered at x0 of V . When r0 is not bigger than Injx0(V ),
we have the inverse of the exponential map at x0:
exp−1x0 :BV (x0, r0) → BTx0 (0, r0).
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dilatation  π · β/r0.
Proof. Fix a point p ∈ Sn and consider the composite ϕ:
BV (x0, r0)
exp−1x0−→ BTx0V (0, r0)
f→ BTx0V (0, π)
g→ BTpSn(0, π) h→ Sn
in which f is the obvious diffeomorphism with dilatation π/r0; g is the obvious isometry; h has degree 1,
dilatation 1, and which maps ∂BTpSn(0, π) onto p′, the point of Sn diametrically opposed to p. The
composite map ϕ sends ∂BV (x0, r0) to p′. Extend ϕ to V → Sn by setting ϕ(V \ BV (x0, r0)) = p ′. By
what we have seen above, deg(ϕ) = 1 and dil(ϕ) dil(h) · dil(f ) · dil(exp−1x0 ) π ·β/r0. This completes
the proof of Lemma 3.1. 
We are now ready to give the proof of Proposition 1.4, which depends mainly on Lemma 3.1 and
Theorem 1.1. First recall the statement:
Proposition 3.2. For any closed, oriented, nonpositively curved manifold V ,
FillRad(V ) Injmax(V )
π
· FillRad(Sn) Injmax(V )
4
.
Proof. Since the function Inj :V → (0,+∞] is continuous [1, Th. 3.3], there exists a point x0 ∈ V such
that Injx0(V ) = Injmax(V ) := r0. From Lemma 3.1, there exists a map ϕx0 : V → Sn with degree one and
dilatation less than π · β/r0. By Theorem 1.1, we have
FillRad(V ) 1
dil(ϕx0)
· FillRad(Sn) Injmax(V )
πβ
· FillRad(Sn).
The remainder is to prove β  1. Since V is nonpositively curved, using Rauch comparison theorem
[2, Th. 1.28] and comparing with Euclidean space, we can deduce that V has no conjugate points and∣∣d(expx0)v(X)
∣∣ |X|, v ∈ BTx0V (0, r0), X ∈ Tx0V,
where d(expx0)v :Tv(BTx0V (0, r0)) → TyV , y = expx0(v), denotes the differential of expx0 at v and the
tangent space Tv(BTx0V (0, r0)) is naturally identified with Tx0V . Since expx0 :BTx0V (0, r0) → Bv(x0, r0)
is a diffeomorphism, d(exp−1x0 )y = [d(expx0)v]−1 for v ∈ BTx0V (0, r0), y = expx0(v) ∈ BV (x0, r0). Let
d(expx0)v(X) = Y , we have∣∣d(exp−1x0 )y(Y )
∣∣= |X| ∣∣d(expx0)v(X)
∣∣= |Y |.
Therefore dily(exp−1x0 ) = ‖d(exp−1x0 )y‖ 1, and hence,
dil
(
exp−1x0
)= sup
y∈B(x0,r0)
dily
(
exp−1x0
)
 1,
i.e., β  1, which completes the proof of the proposition. 
The following method of estimating from below for the filling radius of a manifold with sectional
curvature bounded above by a positive constant is similar to that given above. The only difference is that
the estimate for dil(exp−1x ) is more difficult here.0
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√
c), then
FillRad(V ) 1√
c · π · FillRad(S
n) 1
4
√
c
.
Proof. Similarly, first take x0 ∈ V such that Injx0(V ) = Injmax(V ). Take r0 = π2√c and consider expx0 :
BTx0V (0, r0) → Bv(x0, r0). Then we have:
FillRad(V ) r0
πβ
· FillRad(Sn),
where β = dil(exp−1x0 |BV (x0, r0)). Since KV  c, and r0 = π2√c < π√c , expx0 |BTx0V (0, r0) is nonsingular
[2, the remark after 1.29]. Using the geometric Rauch theorem [1, Th.7.3 and the remark 7.1 after that],
we have:
|d(expx0)v(X)|
|X| 
Sc(|v|)
|v| =
sin(
√
c|v|)√
c|v|
for ∀v ∈ BTx0V (0, r0), ∀X ∈ Tx0V . Let v = exp−1x0 (y), y ∈ Bv(x0, r0), and d(expx0)v(X) = Y . Since
d(exp−1x0 )y = [d(expx0)v]−1, one deduces
|d(exp−1x0 )y(Y )|
|Y | 
√
c|v|
sin(
√
c|v|) ,
dily
(
exp−1x0
)

√
c|v|
sin(
√
c|v|) .
Note that
√
c|v|/ sin(√c|v|) is an increasing function on (0, r0], then
dil
(
exp−1x0
)
 sup
v∈BTx0V (0,r0)
√
c|v|
sin(
√
c|v|) =
√
c · r0
sin(
√
c · r0) ,
i.e., β √c · r0/ sin(√c · r0). Therefore
r0
πβ
 r0
π
· sin(
√
cr0)√
cr0
= 1
π
√
c
· sin(√c · r0) = 1√
c · π .
This completes the proof of the proposition. 
4. A mapping property of packing radius and differentiable sphere theorem
Recall that the qth (q  2) packing radius, packqX, of a compact metric space X in the sense of Grove
and Markvorsen [5] is the largest r > 0 for which X contains q disjoint open r-balls, i.e.,
packqX = 12 maxx1···xq min1i<jq dX(xi, xj ),
where the maximum is taken over all configurations of q points in X.
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tive, then
packqX 
1
dil(f )
· packqY.
Proof. If f is not a Lipschitz map, the inequality is obvious. Hence we may assume that f is a Lipschitz
map and dil(f ) = α. Let packqY = r and BY (y1, r), . . . ,BY (yq, r) be q disjoint open r-balls centered at
y1, . . . , yq , respectively. It is easy to see that f −1(BY (y1, r)), . . . , f −1(BY (yq, r)) are q disjoint subsets
of X. Since f is surjective, choose xi ∈ X such that f (xi) = yi , i = 1, . . . , q. Consider the open ball
BX(xi, r/α) of X. For ∀x ∈ BX(xi, r/α),
dY
(
f (x), yi
)= dY (f (x), f (xi))
 α · dX(x, xi) < α · r
α
= r.
Therefore f (x) ∈ BY (yi, r), i.e., x ∈ f −1(BY (yi, r)), hence BX(xi, r/α) ⊂ f −1(BY (yi, r)). Then
BX(x1, r/α), . . . ,BX(xq, r/α) are q disjoint open rα -balls of X, hence packqX  rα . 
Note that if X and Y are Riemannian manifolds, the degree 1 is not required here, and we do not
even require that X and Y have the same dimension. If dimX > dimY , in general the inequality above
is weak. Indeed, an early theorem due to Lawson [10, Theorem 1] states that every differentiable map
f :Sm → Sn, m > n > 0, has dilatation greater than or equal to 2 if f is not nullhomotopic. An inspection
of Lawson’s proof will convince us that the same conclusion, dil(f ) 2, holds only if f :Sm → Sn is a
surjective map, on the other hand, packqSn is independent of n [6, Prop. 2.4].
Corollary 4.2. If n  4, then any closed Riemannian n-manifold with sectional curvature KV  1 and
dil{V  Sn} < 2
π
· arccos(− 1
n−3 ) is diffeomorphic to Sn.
Proof. Let f :V → Sn be a surjective map with dil(f ) < 2
π
· arccos(− 1
n−3). We have:
packn−2V 
1
dil(f )
· packn−2Sn
= 1
dil(f )
· 1
2
arccos
(
− 1
n− 3
)
from [6, Prop. 2.4(i)]
>
π
4
.
By the packn−2 sphere theorem [7, Theorem C], we know that V is diffeomorphic to Sn. 
Remark 4.3. (1) In the case n = 3, using the packn−1 sphere theorem [6, Theorem A] we have that any
closed Riemannian 3-manifold with KV  1 and dil{V  Sn} < 2 is diffeomorphic to S3.
(2) The curvature pinching differentiable sphere theorems or other differentiable sphere theorems
probably imply the conclusion of Corollary 4.2, though the author does not know how to derive it.
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